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ABSTRACT
We consider the extended SU(3) Nambu and Jona-Lasinio model with explicit vector couplings
in the presence of external fields. We study the chiral anomaly in this model and its implications
on the properties of the nucleon described as a chiral soliton of three valence quarks bounded in
mesonic background fields. For the model to reproduce the QCD anomaly it is necessary to subtract
suitable local and polynomial counterterms in the external and dynamical vector and axial-vector
fields. We compute the counterterms explicitly in a vector gauge invariant regularization, and obtain
modifications to the total effective action and vector and axial currents. We study the numerical
influence of those counterterms in the two flavour version of model with dynamical σ, π, ρ, A and ω
mesons. We find that, for time independent hedgehog configurations, the numerical effects in the
nucleon mass, the isoscalar nucleon radius and the axial coupling constant are negligibly small.
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1. Introduction
The QCD chiral anomaly in its vector gauge invariant form [1] represents an important constraint for
any effective low energy model of hadronic interactions. It is responsible for the π0 → 2γ decay, provides
evidence that the number of colours Nc is equal to three and is an exact one loop result not subjected to
renormalization [2]. From the point of view of the effective Lagrangian and depending upon the degrees of
freedom involved, there are at least two ways in which the chiral anomaly can be introduced. In a pure
mesonic theory one can add the vector gauged Wess-Zumino term [3,4] to the action which by definition
saturates the QCD anomaly equation. This type of construction and similar ones have been extensively used
to calculate abnormal parity mesonic processes [5,6] or to provide short range repulsion in the construction
of topological chiral soliton models of the Skyrme type [7]. Proceeding in this way there is in principle an
ambiguity concerning the possible abnormal parity non-anomalous terms which do not contribute to the
anomaly equation. One should say, however, that the ambiguity is completely removed if only pions and
external fields are considered, but remains if other particles like e.g. heavy vector resonances are included.
This allows to fix the corresponding coefficients in the chiral Lagrangian to fulfill some desired properties
motivated by phenomenology and not directly derivable from the chiral anomaly [6].
In a relativistic chiral quark model the situation is slightly different. The non invariance of the functional
integration measure or equivalently of the fermion determinant under chiral transformations [8,9] guarantees
the onset of a chiral anomaly in the effective theory whose particular form depends on the symmetries
preserved by the regulator. Actually, it is by no means clear that the resulting anomaly coincides with the
QCD anomaly. In such a situation, the question arises whether the quark model can be redefined in such a
way that the correct QCD anomaly can be reproduced.
A prototype of a chiral quark model for hadronic structure is represented by the Nambu–Jona-Lasinio
(NJL) model [10]. This model has been studied intensively in the vacuum sector, the meson sector and
the baryon sector [11]. It is a pure quark model which incorporates explicit, spontaneous and anomalous
chiral symmetry breaking, describes mesons as quark-antiquark pairs and baryons as solitons of three bound
quarks or alternatively as quark-diquark bound states. However, it does not include confinement and it is
not renormalizable requiring the use of a low energy cut-off.
The generalization of the model to include vector and axial-vector couplings has also been studied in
much detail either in a bosonized version [12,13,14,15,16,17] or in a pure quark language [18,19,20,21] since
it allows to describe more mesonic phenomenology and provides a realization of vector meson dominance
through current field identities [22].
Actually, we have shown in a recent paper [23] that the Nambu and Jona-Lasinio model with scalar,
pseudoscalar, vector and axial mesons as it is most often used does not reproduce the anomaly of QCD, the
correct result being reproduced if the vector couplings are set equal to zero. This result is perfectly consistent
with vector gauge invariance, i.e. only the divergence of the axial current is modified with respect to the
QCD result whereas the vector current is still conserved. Curiously, the π0 → 2γ decay amplitude remained
unchanged, but other anomalous amplitudes involving more than one pion, as for instance γ → 3π deviated
from the current algebra result by ∼ 20% for typical values of the parameters. This is an unpleasant feature
because questions the meaning of previous calculations involving anomalous vertices, both in the meson [24]
and the soliton sector [25,26,27,28,29,30,31] based on actions with vector mesons not containing the proper
anomalous structure [1]. The problem arises whether the non fulfillment of the QCD chiral anomaly is a
problem of describing vector mesons through vector couplings or whether it can be mended by addition of
legitimate counterterms in order to reproduce the QCD anomaly in its Bardeen form. In any case, it is
desirable to know the possible implications not only for mesonic decays but also at the nucleon level. To
overcome this problem Bijnens and Prades [32] have suggested, following elegant mathematical arguments
already given by Bardeen and Zumino [33] and pursued by others (see e.g. [5] and references included in [32]),
that indeed such counterterms exist and that they are unique if CP invariance is invoked. This represents
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another independent non trivial solution to the anomaly equation not considered explicitly in our previous
work [23]. The choice between these two solutions depends on our desire to include explicit vector and axial
couplings in the starting NJL Lagrangian and at the same time being able to reproduce the QCD chiral
anomaly. However, it should be stressed that the subtraction involves not only the external fields but also
the dynamical vector fields. From the point of view of perturbation theory this corresponds to change an
infinite number of diagrams in contrast to the usual external field subtraction procedure. In this respect
this is a very particular feature of the NJL model and its singularity structure. As a consequence vector
meson dominance in the usual sense is lost. This means that a consistent Lagrangian incorporating both
the QCD anomaly and complete vector meson dominance cannot be constructed, at least in the vector field
representation of vector mesons.
In the approach of ref. [32] the calculation of the counterterms requires an explicit knowledge of the
vector and axial currents. In addition, the formulas given by those authors are rather compact and of low
practical utility in the present context. In the present paper we adhere to the point of view of ref. [32]
although propose a somewhat different methodology which only relies on the knowledge of the anomaly
itself. In fact we trace back the origin of the ambiguity to the natural regularization suggested by the
bosonization procedure widely used for performing low energy expansions, determination of mesonic vertex
functions and description of baryons as solitons. We derive the modifications of the effective action and
the vector and axial currents and obtain the leading large Nc corrections to the Current-Field Identities
[22]. We also particularize the resulting formulas for the the specific two flavour case with σ, π, ρ, A and ω
mesons and compute the numerical modification of the nucleon energy, the isoscalar nucleon radius and the
axial coupling constant in the solitonic picture of baryons. As a byproduct we also compute the leading low
energy chiral invariant, i.e. non anomalous, contribution to the abnormal parity action of vector mesons in
the presence of external fields. We also study the form of the possible CP violating currents.
The paper is organized as follows. In section 2 we review the model to fix the notation used along
the paper. In section 3 we derive the general Ward identities from the NJL generating functional, and in
particular, the form of the chiral anomaly which appears in the model. In section 4 the regularization in
Minkowski space is described. In section 5 we describe the counterterms which allow to reproduce the QCD
anomaly as well as their influence on the effective action and vector and axial currents. The constructive
method used to derive the counterterms is described in detail in section 6. Section 7 is devoted to the study
of the particular two flavour case with σ, π, ρ, A and ω mesons. In section 8 we present our numerical results
for nucleon observables. Section 9 deals with the effective low energy abnormal parity but not anomalous
action of vector mesons in the presence of external currents. Finally, in section 10 we summarize our results
and present our conclusions.
2. The NJL Model and Bosonization Revisited
Our starting point is the Nambu–Jona-Lasinio Lagrangian in Minkwoski space [11]
LNJL = q¯(i/∂ − Mˆ0)q +
GS
2
N2f−1∑
a=0
(
(q¯λaq)
2 + (q¯λaiγ5q)
2
)
−
GV
2
N2f−1∑
a=0
(
(q¯λaγµq)
2 + (q¯λaγµγ5q)
2
)
(2.1)
where q = (u, d, s, . . .) represents a quark spinor with Nc colours and Nf flavours. The λ’s represent the
Gell-Mann matrices of the U(Nf ) group (see Appendix A) and Mˆ0 = diag(mu,md,ms, ...) stands for the
current quark mass matrix. In the limiting case of vanishing current quark masses the NJL-action is invariant
under the global U(Nf )R ⊗ U(Nf )L group of transformations (see e.g. Appendix A). The corresponding
vector and axial currents are given by
JVµa(x) =
1
2
q¯(x)γµλaq(x); J
A
µa(x) =
1
2
q¯(x)γµγ5λaq(x); (2.2)
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respectively. We will not consider the effects of a UA(1) breaking term as done in [35] since they are not
relevant for what follows. In order not to overload the paper with notation we will always work in Minkowski
space and will never specify the Wick rotation explicitly. In fact well defined results can be obtained by
using the customary replacement Mˆ0 → Mˆ0 − iǫ. Nevertheless all our results can be equivalently obtained
from a Euclidean analytical continuation following the conventions of appendix B.
The vacuum to vacuum transition amplitude in the presence of external bosonic (s, p, v, a) and fermionic
(η, η¯) fields of the NJL Lagrangian can be written as a path integral as
Z[s, p, v, a, η, η¯] = 〈0|Texp
{
i
∫
d4x
[
q¯
(
/v + /aγ5 − (s+ iγ5p)
)
q + η¯q + q¯η
]}
|0〉
=
∫
Dq¯Dq exp
{
i
∫
d4x
[
LNJL + q¯
(
/v + /aγ5 − (s+ iγ5p)
)
q + η¯q + q¯η
]} (2.3)
Following the standard procedure [36] it is convenient to introduce auxiliary bosonic fields so that one gets
the equivalent generating functional
Z[s, p, v, a, η, η¯] =
∫
Dq¯DqDSDPDVDA exp
{
i
∫
d4xLsm(x)
}
(2.4)
where the semi-bosonized Lagrangian reads
Lsm = Lint + L
F
ext + L
B
ext + Lm + LM0 (2.5)
and
Lint = q¯
(
/V + /Aγ5 − (S + iγ5P )
)
q = −q¯Mintq
LBext = q¯
(
i/∂ + /v + /aγ5 − (s+ iγ5p)
)
q = q¯iDextq
LFext = η¯q + q¯η
Lm = −
1
4GS
tr (S2 + P 2) +
1
4GV
tr (VµV
µ +AµA
µ)
LM0 = −q¯Mˆ0q
(2.6)
Here (S, P, V,A) are dynamical internal bosonic fields, whereas (s, p, v, a) and (η, η¯) represent external bosonic
and fermionic fields respectively. The bosonic fields are all of them expanded in terms of the λ flavour matrices
(See Appendix A). Notice also that for the path integral in the bosonic fields to be well defined in Minkowski
space we must use the prescription 1
GS
→ 1
GS
− iǫ and 1
GV
→ 1
GV
− iǫ. Finally, if fermions are formally
integrated out one obtains
Z[s, p, v, a, η, η¯] =
∫
DMintDet(iD) exp
{
−i〈η¯, (iD)−1η〉
}
exp
{
i
∫
d4xLm
}
(2.7)
where the bosonic integration measure DMint = DSDPDVDA and the usual notation
〈η¯, (iD)−1η〉 =
∫ ∫
d4xd4x′η¯(x)〈x|(iD + iǫ)−1|x′〉η(x′) (2.8)
have been introduced. Concerning the previous manipulations and anticipating the forthcoming sections,
a few remarks should be made. The path integral above is a highly singular object and defines a whole
family of effective physical theories depending on the particular prescriptions employed to give it a meaning.
This includes in particular the regularization procedure and the symmetries respected by it. In the absence
of a real derivation from QCD of the NJL model, one can only hope that such a freedom can be used to
reproduce as many known features of the underlying fundamental theory as possible. This set of possible
choices is, however, not completely arbitrary. It only reflects the ambiguity arising in the regularization of a
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certain ultraviolet divergent Feynman diagram, namely the fact that in a loop graph the divergent piece is
a polynomial in the external incoming momenta and also that only diagrams with less than five legs in four
space-time dimensions are divergent. The coefficients of such a polynomial depend on the regularization.
In practice, this means that depending on the regularization one can always subtract local and polynomial
counterterms in the fields to the action. In this paper we are interested in the NJL model as an effective
theory of QCD and in the possible counterterms that allow to reproduce the QCD chiral anomaly for a given
regularization prescription.
It should be kept in mind that, strictly speaking, the bosonization procedure is not obligatory. Nev-
ertheless it will prove highly convenient in what follows since it reorders the diagrammatic expansion in a
convenient way, so that Nc counting rules become self-evident. More important, it is the only known device
to describe in practice baryons as chiral solitons. Nevertheless, the bosonization may appear to impose some
conditions on the theory, since it treats classes of infinite graphs on the same footing. This point will be
discussed later in more detail.
3. Ward Identities
For the moment we will ignore the regularization and proceed formally. The resulting expressions
will only acquire a precise meaning when the mathematical objects involved are provided with a suitable
regularization. For simplicity we will consider the chiral limit, i.e. we set Mˆ0 = 0, since their influence is
expected to be small in the present context.
To obtain the form of Ward identities we decompose first the Dirac operator into an internal plus external
field contribution both transforming homogeneously under local chiral transformations, i.e. we define
iD = iDext −Mint (3.1)
and
S = s+ S; P = p+ P ; V = v + V ; A = a+A (3.2)
A local chiral rotation of the external fields induces the change Dext → D
g
ext (see Appendix A for details and
conventions). Let us call Zg[s, p, v, a, η, η¯] = Z[sg, pg, vg, ag, ηg, η¯g] the generating functional so transformed.
We make a change of variables in the dynamical bosonic fields (S, P, V,A) → (Sg, P g, V g, Ag) which in the
infinitesimal case reads
δV µ = i[ǫV , V
µ] + i[ǫA, A
µ]
δAµ = i[ǫV , A
µ] + i[ǫA, V
µ]
δS = i[ǫV , S] + {ǫA, P}
δP = i[ǫV , P ]− {ǫA, S}
(3.3)
Notice that the transformation is local but homogeneous for all the internal fields, i.e. no derivative terms
appear. This is required if V ,A and v, a have to transform non-homogeneously. The bosonic measure is
invariant under these local homogeneous chiral transformations DSDPDVDA = DSgDP gDV gDAg and
also the bosonic mass terms Lgm = Lm. This property allows to freely choose whether the bosonic fields are
transformed or not, i.e. whether we take iDg = iDgext −M
g
int or iD
g = iDgext −Mint respectively. We have
Zg[s, p, v, a, η, η¯] =
∫
Dq¯DqDMint exp
{
i
∫
d4x
[
q¯iDgq + Lm + q¯η
g + η¯gq
]}
(3.4)
Integrating out the fermions we get
Zg[s, p, v, a, η, η¯] =
∫
DMintDet(iD
g) exp
{
−i〈η¯, (iD)−1η〉
}
exp
{
i
∫
d4xLm
}
(3.5)
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Note that the term 〈η¯, (iD)−1η〉 given by eq.(2.8) is invariant under the local chiral transformations specified
above. For infinitesimal transformations we have ∗
δZ[s, p, v, a, η, η¯] =
∫
DMintδ
(
Sp log(iD)
)
Det(iD) exp
{
−i〈η¯, (iD)−1η〉
}
exp
{
i
∫
d4xLm
}
(3.6)
Decomposing the variation into its vector and axial parts as follows
δ
(
Sp log(iD)
)
= 2i
N2F−1∑
a=0
∫
d4x[ǫaV (x)A
a
V (x) + ǫ
a
A(x)A
a
A(x)] (3.7)
and compare with the corresponding variation before integrating out the quarks we get the following identities
∂µJVµa = −A
a
V (x)+
+ fabc
[
JVµbv
µ
c + J
A
µba
µ
c
]
−
1
2
fabc
[
q¯λbqsc + q¯iλbγ5qpc
]
+
i
2
[
q¯λaη − η¯λaq
]
∂µJAµa = −A
a
A(x)+
+ fabc
[
JVµba
µ
c + J
A
µbv
µ
c
]
+
1
2
dabc
[
q¯λbqsc − q¯iλbγ5qpc
]
−
1
2
[
q¯iλaγ5η + η¯iλaγ5q
]
(3.8)
This identity is valid under the path integral weighted with the full semi-bosonized action given by eq.
(2.5). Moreover, it is clear that since we always obtain the Ward identities by functional differentiation of
an effective action, the Wess-Zumino consistency conditions [3] are automatically satisfied.
4. Effective Action and Regularization
The determinant of the Dirac operator is an ultraviolet divergent object. Hence we have to introduce
some regularization. In addition, since the model is non-renormalizable the corresponding cut-off has to
remain finite, at least for the divergent pieces. This is a clear theoretical uncertainty in the model which
has very often been neglected besides few exceptions. Nevertheless, some constraints can be imposed on the
basis of symmetries. For the benefit of the reader we will make some digression here about the choice of
regularization prescription at the expense of overlapping with previous works (see specially ref.[29] ).
At a formal level the determinant of the Dirac operator depends on the sum of the internal plus external
fields. This circumstance is ultimately the reason for the realization of vector meson dominance through
Current-Field Identities in the model. Naively, one might expect that after regularization the result depends
on the sum too. This, however, does not necessarily have to be the case [32]. For instance, one may first
formally expand the effective action in powers of the fields and apply a regularization prescription afterwards.
Proceeding in this way one has the freedom to regularize each vertex separately in a way that additivity is
not fulfilled. One can add to the Lagrangian the most general local counterterm of at most mass dimension
four which does not depend on the sum of internal plus external fields as follows
logDet(iD) := logDet(iD) + i∆Γ[v, a;V,A] (4.1)
where the bar stands for a vector additive regularized fermion determinant and ∆Γ are the counterterms.
Such a decomposition is convenient within the chiral soliton approach to baryonic structure. In the NJL
model, the regularized determinant represents the contribution of the polarized Dirac sea to baryonic ob-
servables and is usually evaluated as a regularized sum of eigenvalues, thus conserving additivity. This
corresponds to the logDet(iD) piece. In the next section we will discuss the constraints on the counterterms
∆Γ. In the remainder of this section we give our precise definition of logDet(iD).
∗ The total trace Sp is made out of the space-time trace, the colour trace, the Dirac spinor trace trγ and
the flavour trace tr.
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The additive contribution to the effective action can be separated into a γ5-odd and γ5-even part. It is
convenient to introduce the operator
D5[S,P ,V ,A] = γ5D[S,−P ,V ,−A]γ5 = −D[−S,P ,V ,−A] (4.2)
In fact, D5 corresponds to rotate D to Euclidean space, take the hermitean conjugate and rotate back to
Minkowski space (see Appendix B). This definition allows to separate the action into a γ5-even part (normal
pseudoparity) and a γ5-odd part (abnormal pseudoparity). The former can be regularized in a chiral gauge
invariant manner by means of the Pauli-Villars scheme [37]
logDet|even =
1
2
[
Splog(iD+ iǫ) + Splog(iD5 + iǫ)
]
=
1
4
[
Splog(DD5 + iǫ) + Splog(D5D+ iǫ)
]
→
1
4
Sp
∑
ci
[
log(DD5 + Λ
2
i + iǫ) + log(D5D+ Λ
2
i + iǫ)
]
(4.3)
where the Pauli-Villars regulators fulfill c0 = 1, Λ0 = 0 and
∑
i ci = 0,
∑
i ciΛ
2
i = 0. For the γ5-odd part we
formally have
logDet|odd =
1
2
[
Splog(iD+ iǫ)− Splog(iD5 + iǫ)
]
=
1
4
[
Splog(D2 − iǫ)− Splog(D25 − iǫ)
] (4.4)
The main difference to the γ5-even part is that the sum of the eigenvalues implied in eq. (4.4) is conditionally
convergent without the need of an explicit cut-off. The result is however unambiguous if one further imposes
reproducing the additive anomaly GA[V ,A] (see eq. (5.4)). This is a consequence of the absence of vector-
gauge invariant fourth order terms of abnormal pseudoparity. A practical formal expression suitable for a
heat-kernel expansion is given by
logDet|odd = −
1
4
∫ ∞
0
dα
α
Sp
[
e−iα(D
2−iǫ) − e−iα(D
2
5−iǫ)
]
(4.5)
For this expression to be well defined one must take the limit ǫ→ 0+ at the end of the calculation.
Finally, it should be mentioned that our separation into odd and even parts implies in itself a regu-
larization procedure. Instead one might consider a vector additive regularization applied directly to the
determinant of the Dirac operator, considering the operator D only. The corresponding action so regular-
ized would differ in general from ours by vector gauge invariant, additive and chirally breaking polynomial
counterterms whose coefficients may depend on the regularization. This feature is due to the fact that regu-
larization and separation into odd and even parts are not commuting operations and reflects once more the
arbitrariness in the definition of the fermion determinant. Thus, if such a kind of regularization procedure
were used these additional counterterms should have to be subtracted.
5. Chiral Anomaly, Counterterms and Currents in Minkowski space
Under a local chiral rotation the variation of the Dirac determinant can be separated into two contri-
butions. Due to the transformation properties
δ(DD5) = i[ǫV − ǫAγ5,DD5] ; δ(D5D) = i[ǫV + ǫAγ5,D5D]
δ(D2) = +i[ǫV ,D
2]− i{{ǫAγ5,D},D} ; δ(D
2
5) = +i[ǫV ,D
2
5] + i{{ǫAγ5,D5},D5}
(5.1)
and using the trace cyclic property, valid under regularization, we get
δ logDet|even = 0 (5.2)
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for the even piece whereas for the odd piece we obtain
δ logDet|odd = −i lim
η→0+
Sp
[
ǫAγ5
(
e−iηD
2
+ e−iηD
2
5
)]
(5.3)
Straightforward calculation using the usual heat kernel method [38] yields the following result for the in-
finitesimal change of the regularized determinant under local chiral transformations
δ log Det(iD) = +i
∫
d4x tr [ǫA(x)AA(x)] = iGA[V ,A] (5.4)
where
AA(x) =
Nc
4π2
ǫµναβ
{1
4
FµνFαβ +
1
3
AµAνAαAβ+
+
i
6
{Fµν ,AαAβ}+
2i
3
AµFναAβ +
1
3
[Dµ,Aν ][Dα,Aβ ]
} (5.5)
with
Fµν = ∂µVν − ∂νVµ − i[Vµ,Vν ] = i[Dµ,Dµ] (5.6)
Notice that the fields appearing in the expression of the anomaly are the sum of internal plus external fields.
The QCD anomaly in its Bardeen form depends on the external fields only and corresponds to put in eq.
(5.5) A = a and V = v or correspondingly V = 0 and A = 0. Hence the NJL model reproduces the proper
anomaly ∗ if GV = 0 and ∆Γ = 0 defined by eq. (4.1). This is the solution found in our previous paper
[23]. However, this is not the only solution. To keep the line of reasoning straight we anticipate the result to
be derived in the next section. Another solution (unique up to CP violating terms) is given by GV 6= 0 and
∆Γ = −
iNc
24π2
∫
tr
(
6ia{F, V }+ 3iF [A, V ] + 4a3V + a2[A, V ] + 2a{A2, V }+ 4aV aA
+ 4aV 3 + 2iDa[a,A] + iDA[a,A] + 3iDV [a, V ] + 2iDV [A, V ]− V A3 − 3V 3A
) (5.7)
where for convenience we have used notation of differential forms with the following 1-forms
V = Vµdx
µ; A = Aµdx
µ; v = vµdx
µ; a = aµdx
µ (5.8)
and 2-forms
F =
1
2
Fµνdx
µdxν ; DV =
1
2
(DV )µνdx
µdxν ; etc. (5.9)
and
Fµν = ∂µvν − ∂νvµ − i[vµ, vν ] = i[Dµ, Dν ]
(DA)µν = [Dµ, Aν ]− [Dν , Aµ]
(DV )µν = [Dµ, Vν ]− [Dν , Vµ]
(Da)µν = [Dµ, aν ]− [Dν , aµ]
(5.10)
and dxµdxνdxαdxβ = d4xǫµναβ . These terms satisfy that
δ
(
−i logDet(iD) + ∆Γ
)
= GA[v, a]
=
Nc
4π2
∫
tr
{
ǫA
[
F 2 +
1
3
a4 +
i
3
{F, a2}+
4i
3
aFa+
1
3
(Da)2]
]} (5.11)
where the fermionic contribution to the effective action is regularized in a vector gauge invariant manner.
We point out that the former eq. (5.11) corresponds to eq. (5.5) in the particular case V = 0 and A = 0.
∗ There is a sign difference with the work of Bardeen [1] due to the different convention for the Levi-Civita
tensor ǫ0123(Bardeen) = +1 whereas we have ǫ
0123 = −ǫ0123 = +1 .
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Notice also that the counterterms do not depend on the additive combination V = v + V and A = a+ A.
Hence we will have corrections to the usual Current-Field Identities. Furthermore, the counterterms are also
written in a manifestly vector gauge invariant fashion.
The counterterms can be classified according to the number of external fields. For our purposes only the
zeroth order (modification of the action ∆Γ0) and first order (modification of the currents ∆JV and ∆JA)
will be needed. They are
∆Γ0 = −
iNc
24π2
∫
tr
[
2idV [A, V ]− V A3 − 3V 3A
]
∆Γ1 = −
iNc
24π2
∫
tr
[
v
(
3i{dA, V } − 3i{dV,A}+ 4V AV − 2{A, V 2}
)
+
+ a
(
3i{dV, V }+ i{dA,A}+ 4V 3 + 2{A2, V }
)]
=
=
∫
tr
(
v∆JV + a∆JA
)
(5.12)
The first order term can be also expressed in another form if use is made of the self-consistent equations of
motion. The total action in Minkowski space can be written as
W =W [s+ S, p+ P, v + V, a+A] + ∆Γ[v, a;V,A] +Wm[S, P, V,A]− 〈η¯, (iD)
−1η〉 (5.13)
where we have emphasized the fact that in our particular regularization the fermion determinant W =
−i logDet(iD) depends on the additive combinations s + S, etc. The term in the external fermionic fields
depends also on these additive combinations.
The former expressions can be brought into a more appealing form by considering a saddle point ap-
proximation of the action (which in this model becomes exact in the large Nc limit). In effect, if we minimize
the total action with respect to the dynamical fields V and A (the minimization with respect to S and P is
not relevant in what follows) in the presence of external fields we find that under the path integral
δW
δV
+
δ∆Γ
δV
+
1
2GV
V −
δ
δV
〈η¯, (iD)−1η〉 = 0 (5.14)
and similarly for A. On the other hand, the total currents are
JV =
δW
δv
+
δ∆Γ
δv
−
δ
δv
〈η¯, (iD)−1η〉
=
δW
δV
+
δ∆Γ
δv
−
δ
δV
〈η¯, (iD)−1η〉
= −
1
2GV
V +
( δ
δv
−
δ
δV
)
∆Γ
(5.15)
where in the last step we have used the equations of motion (5.14). For definiteness we will refer to them
as the self-consistent currents. Notice that through the equations of motion the dynamical fields acquire a
dependence on the external bosonic and fermionic fields. One can prove that the implicit dependence on the
external fermionic fields can be neglected in the limit Nc → ∞ as well as the bosonic integration. Thus we
get in this limit
〈0|T
[
JV (x) exp
{
i
∫
d4xLext
}]
|0〉 →
→
(
−
1
2GV
V +
[ δ
δv
−
δ
δV
]
∆Γ
)
〈0|T exp
{
i
∫
d4xLext
}]
|0〉
(5.16)
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If we set the external bosonic fields equal to zero then we get that the total currents are given by
JVµ =−
1
2GV
Vµ+
−
iNc
24π2
ǫµναβ
[
i{∂νAα, V β}+ i{∂νV α, Aβ}+AνAαAβ + {V νV α, Aβ}+ V νAαV β
]
JAµ =−
1
2GV
Aµ+
−
iNc
24π2
ǫµναβ
[
i{∂νV α, V β}+ i{∂νAα, Aβ}+ {V ν , AαAβ}+ V νV αV β +AνV αAβ
]
(5.17)
These equations represent the leading Nc modifications to the usual Current-Field Identities [22] and as we
see they are valid in the presence of external quark fields (see eq. (5.16)). In particular, they can be used
to evaluate baryon matrix elements or form factors. It is interesting to notice that in terms of right and left
field representation (see Appendix A) these equations can be rewritten as
JRµ = −
1
2GV
V Rµ +
Nc
24π2
ǫµναβ
[1
2
{V ναR , V
β
R }+ iV
ν
RV
α
R V
β
R
]
;
JLµ = −
1
2GV
V Lµ +
Nc
24π2
ǫµναβ
[1
2
{V ναL , V
β
L }+ iV
ν
LV
α
L V
β
L
]
;
(5.18)
where
V µνR = ∂
µV νR − ∂
µV νR − i[V
µ
R , V
ν
R ]; V
µν
L = ∂
µV νL − ∂
µV νL − i[V
µ
L , V
ν
L ] (5.19)
Let us remind that in writing the former expressions explicit use of the equations of motion has been made. It
is interesting to note that the correction to the current field identities coincide with the difference between the
covariant and consistent currents related to the covariant and consistent forms of the anomaly respectively
[33]. Thus, these currents do not posses an internal anomaly.
6. Counterterms from the Gauged Wess-Zumino action
In this section we describe the constructive method that we have used to compute the counterterms ∆Γ
given by eq. (5.7). We remind that they have to be summed to the additive vector gauge invariant fermionic
action −i logDet(iD) so that the total sum reproduces the QCD anomaly. To do so we will proceed by
considering the gauged Wess-Zumino term. This represents no limitation since the anomaly is saturated by
it. In addition, it should be kept in mind that the final expression for ∆Γ has to be a polynomial in the
fields.
The left-right gauged Wess-Zumino term as a functional of the additive field combinations AR and AL
reads (see e.g. [34] for an explicit construction)
ΓRLWZ[U,AR,AL] = ΓWZ[U ]
+
Nc
48π2
∫
tr
[
ARU
3
R + i{AR, dAR}UR + iU
†ALUARU
2
R
+ iU †ALUdARUR +
i
2
(ARUR)
2 +A3RUR − U
†ALU{AR, dAR}
− U †ALUARURAR + iU
†ALUA
3
R +
i
4
(U †ALUAR)
2
]
− p.c.
(6.1)
where p.c. means interchanging the R and L labels and ΓWZ[U ] represents the topological Wess-Zumino
action [4] (see Appendix D) and U a unitary flavour field U †U = 1. Here the following 1-forms have been
defined
AR = vR + VR; AL = vL + VL; UR = U
†dU ; UL = UdU
† (6.2)
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Under a chiral transformation the fields transform as follows
δvR = dǫR + i[ǫR, vR]; δvL = dǫL + i[ǫL, vL]
δVR = +i[ǫR, VR]; δVL = +i[ǫL, VL]
δU = i(ǫLU − UǫR); δU
† = i(ǫRU
† − U †ǫR)
(6.3)
i.e., the dynamical fields transform homogeneously, whereas the external fields transform non-homogeneously.
The variation gives the right-left form of the anomaly
δΓRLWZ[U,AR,AL] =
Nc
48π2
∫
tr
[(
{AR, dAR} − iA
3
R
)
dǫR
]
− p.c. (6.4)
To bring this anomaly to a vector gauge invariant form we consider the polynomial action
ΓRLWZ[1,AR,AL] =
Nc
48π2
∫
tr
[
−AL{AR, dAR}+ iALA
3
R +
i
4
(ALAR)
2
]
− p.c. (6.5)
where 1 means the unit matrix in flavour space (U = 1 in (6.1)). The anomaly (5.4) can be reproduced by
the effective action
ΓVWZ[U,AR,AL] = Γ
RL
WZ[U,AR,AL]− Γ
RL
WZ[1,AR,AL]; δΓ
V
WZ[U,AR,AL] = GA[V ,A] (6.6)
This action coincides with that of ref. [23] and any other action reproducing the anomaly in terms of additive
fields (5.4) differs by chirally invariant terms from this one. Actually, the former action (6.6) is the leading
contribution in a gradient expansion of the γ5-odd part of logDet(iD) provided the non-linearly transforming
field U is taken as the (unique) unitary part of the flavour matrices S+ iP . Hence, the terms of action (6.6)
containing the fields either U or U † are not polynomial actions due to the chiral circle condition U †U = 1.
This anomaly, however, does not coincide with the QCD anomaly [1], since it contains the dynamical vector
and axial fields V and A. As we know the QCD anomaly depends on the external fields v and a only. To
eliminate the internal fields dependence we propose the most general globally chiral invariant counterterm
depending on vector and axial degrees of freedom in a way that their variation exactly cancels the dependence
on the internal fields in the anomaly.
ΓRLct [vR, vL;VR, VL] =
∫
tr
{
c1VRv
3
R + c2VRdvRvR + c3VRvRdvR + c4V
2
Rv
2
R
+ c5(VRvR)
2 + c6V
2
RdvR + c7dVRVRvR + c8V
3
RvR
}
− p.c.
(6.7)
Under a chiral transformation we have
δΓRLct =
∫
tr
{[
(c1 + ic2)v
2
RVR + (c1 + ic3)VRv
2
R − (c1 + ic2 + ic3)vRVRvR
+ c2VRdvR + c3dvRVR − (c4 + ic6)vRV
2
R + (c4 + ic6 − ic7)V
2
RvR
+ (2c5 + ic7)VRvRVR + c7dVRVR + c8V
3
R
]
dǫR
}
− p.c.
(6.8)
The coefficients c1, . . . , c8 are to be fixed by imposing that
δ
(
ΓRLWZ[U,AR, AL]− Γ
RL
ct [vR, vL;VR, VL]
)
=
Nc
48π2
∫
tr
[(
{vR, dvR} − iv
3
R
)
dǫR
]
− p.c. (6.9)
This equation fixes all coefficients except one
ΓRLct [vR, vL;VR, VL] = −
iNc
48π2
∫
tr
[
3VRv
3
R + 2iVR{dvR, vR}+ c V
2
R(dvR − iv
2
R)
+ i{dVR, VR}vR +
3
2
(VRvR)
2 + V 3RvR
]
− p.c.
(6.10)
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The undetermined coefficient c vanishes if, in addition, we impose CP invariance. Indeed, under CP we have
CP : (VR)µ(t, ~x)→ −(VL)
µ,t(t,−~x); (VL)µ(t, ~x)→ −(VR)
µ,t(t,−~x) (6.11)
where upperscript t means matrix-transposed. After some integrations by parts one can see that CP results
in changing c→ −c. We will take c = 0 for the rest of this section. A brief discussion of CP violating terms
can be found in Appendix E.
The following action reproduces the correct anomaly (5.11)
ΓVWZ[U, v, a;V,A] = Γ
RL
WZ[U,AR,AL]− Γ
RL
ct [vR, vL;VR, VL]− Γ
RL
WZ[1, vR, vL] (6.12)
i.e. δΓVWZ[U, v, a;V,A] = GA[v, a]. However, in a vector gauge invariant calculation of the fermion de-
terminant the chirally breaking terms, which depend on the additive combinations AR = vR + VR and
AL = vL + VL, are given by eq. (6.6). Thus we define
∆Γ = ΓRLWZ[1,AR,AL]− Γ
RL
WZ[1, vR, vL]− Γ
RL
ct [vR, vL;VR, VL] (6.13)
so that
ΓVWZ[U, v, a;V,A] = Γ
V
WZ[U,AR,AL] + ∆Γ[v, a;V,A] (6.14)
Thus, ∆Γ[v, a;V,A] are the counterterms to be added to the vector gauge invariant fermion determinant
Det(iD), determined up to local and polynomial chiral gauge invariant combinations. These combinations
must be formed by using the chirally covariant objects FR, DVR and VR in all possible combinations. For
completeness we repeat here the argument already given in ref. [32]. If we insist on parity conservation the
following chiral gauge invariant combinations remain
trDVRV
2
R , trFRV
2
R, trDVRFR, tr (DVR)
2, tr V 4R, trF
2
R (6.15)
together with the corresponding left-field combinations. The first term vanishes identically as can be seen
integrating by parts. The second term is the CP violating term already considered before. The third term
vanishes after integration by parts due to the Bianchi identity for the field strength tensor DFR = 0. The
fourth term can be reduced integrating by parts to the second one. The fifth also vanishes identically due to
the cyclic property of the trace. Finally, the sixth term is a topological action in the external fields which
are assumed to have zero winding and hence vanishes. This completes the proof that the counterterms are
uniquely given if CP invariance is invoked.
7. Study of the two flavour case
It is interesting to study the two flavour reduction of the model which corresponds to a NJL Lagrangian
of the form
L = q¯(i/∂ − Mˆ0)q +
G1
2
[
(q¯q)2 + (q¯~τiγ5q)
2
]
−
G2
2
[
(q¯~τγµq)
2 + (q¯~τγµγ5q)
2
]
−
G3
2
(q¯γµq)
2
(7.1)
Notice that, strictly speaking, the case G2 6= G3 is not a particular case of the model considered in section
2, however trivial modifications can be easily implemented to the case of interest. After bosonization we get
L = q¯
(
i/∂ − gπ(σ + iγ5~τ · ~π) +
gρ
2
~τ · (~/ρ+ ~/Aγ5) + gω/ω − Mˆ0
)
q
−
1
2
µ2(σ2 + ~π2) +
1
2
m2ρ(~ρ
µ · ~ρµ + ~A
µ · ~Aµ) +
1
2
m2ωωµω
µ
(7.2)
with G1 = g
2
π/µ
2, G2 = g
2
ρ/(4m
2
ρ) and G3 = g
2
ω/m
2
ω. Up to the mass term, this Lagrangian is invariant under
the SU(2)R ⊗ SU(2)L ⊗ UB(1) group and has been studied in detail in refs. [29,30,31]. The corresponding
baryon, vector and axial currents are
JBµ (x) = q¯(x)γµq(x);
~JVµ (x) =
1
2
q¯(x)γµ~τq(x); ~J
A
µ (x) =
1
2
q¯(x)γµγ5~τq(x) (7.3)
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In the notation of previous sections the reduction of the Lagrangian corresponds to take the dynamical fields
to be
Vµ =
1
2
gρ~ρµ · ~τ + gωωµ; Aµ =
1
2
gρ ~Aµ · ~τ (7.4)
whereas the external fields reduce to
vµ =
1
2
~vµ · ~τ + v
0
µ; aµ =
1
2
~aµ · ~τ (7.5)
In this model the Ward identities acquire a simple form in the case of vanishing s, p, η and η¯ external fields,
∂µJBµ = 0
∂µ ~JVµ = ~J
V
µ ∧ ~v
µ + ~JAµ ∧ ~a
µ
∂µ ~JAµ = ~J
A
µ ∧ ~v
µ + ~JVµ ∧ ~a
µ −
Nc
4π2
ǫµναβ∂µv
0
ν
(
∂α~vβ +
1
2
~vα ∧ ~vβ −
1
2
~aα ∧ ~aβ
) (7.6)
The modification of the vector gauge invariant regularized effective action can then be obtained directly from
eqs. (5.12) giving
∆Γ0 =
Nc
12π2
g2ρgω
∫
d4xǫµναβ
{
∂µων ~Aα · ~ρβ + ∂µ~ρν · ~Aαωβ
−
gρ
8
ωµ[ ~Aν ∧ ~Aα + 3~ρν ∧ ~ρα] · ~Aβ
} (7.7)
In this particular case the total baryon, isospin and axial currents, in the absence of external fields, become
JµB =
δW
δv0µ
∣∣∣
0
~JµV =
δW
δ~vµ
∣∣∣
0
~JµA =
δW
δ~aµ
∣∣∣
0
(7.8)
respectively. Straightforward calculation yields the following results for the modification of the currents as
obtained from eq. (5.12)
∆JBµ =
Nc
8π2
g2ρǫµναβ∂
ν( ~Aα · ~ρβ)
∆ ~JVµ =
Nc
24π2
gρgωǫµναβ
[
3∂ν( ~Aαωβ) + 2gρω
ν( ~Aα ∧ ~ρβ)
]
∆ ~JAµ =
Nc
24π2
gρgωǫµναβ
[
3~ρν∂αωβ + 3∂ν~ραωβ + gρω
ν( ~Aα ∧ ~Aβ + ~ρα ∧ ~ρβ)
]
(7.9)
Notice that the correction to the baryon current is a total divergence, hence the baryon number normalization
is preserved. The total self-consistent currents, i.e. the total currents evaluated by means of the equations
of motion can be deduced from eqs. (5.17) and give
Baryon Current
JBµ = −
m2ω
gω
ωµ +
Nc
24π2
g2ρǫµναβ
{
∂ν ~Aα · ~ρβ + ∂ν~ρα · ~Aβ +
1
4
gρ( ~A
ν ∧ ~Aα + 3~ρν ∧ ~ρα) · ~Aβ
}
(7.10)
Vector Current
~JVµ = −
m2ρ
gρ
~ρµ +
Nc
24π2
gρgωǫµναβ
{
∂ν ~Aαωβ + ∂νωα ~Aβ +
1
2
gρω
ν(~ρα ∧ ~Aβ)
}
(7.11)
Axial Current
~JAµ = −
m2ρ
gρ
~Aµ +
Nc
24π2
gρgωǫµναβ
{
∂νωα~ρβ + ∂ν~ραωβ +
1
4
gρω
ν( ~Aα ∧ ~Aβ + ~ρα ∧ ~ρβ)
}
(7.12)
13
These are the corrected current-field identities in the two flavour case in leading order in Nc. To conclude
this section we notice that if the fields ~ρµ and ~Aµ vanish, there are no corrections to any single current. In
contrast, if the field ωµ vanishes there is a correction to the baryon current not considered in previous works
[26,27].
8. Numerical Results for Nucleon Observables
Following the standard approach [11], a baryon can be described in terms of the corresponding correlation
function
ΠB(x, x
′) = 〈0|T
{
B(x)B¯(x′)
}
|0〉 (8.1)
B(x) being a baryonic operator in terms of quark fields. We take
B(x) =
1
Nc!
ǫα1,...,αNcΦa1,...,aNc qα1a1(x) · · · qαNcaNc (x) (8.2)
where (α1, . . . , αNc) are colour indices, (a1, . . . , aNc) spinor-flavour indices and Φ
a1,...,aNc the proper com-
pletely symmetric spinor-flavour amplitude. The exact spectral representation of the correlation function is
obtained as usual by inserting the complete set of eigenstates of the NJL hamiltonian in eq. (8.1), namely,
ΠB(x, x
′) = θ(t− t′)
∑
n
〈0|B(0)|Bn, ~k〉〈Bn, ~k|B¯(0)|0〉e
−i(x−x′)k
+ (−1)Ncθ(t′ − t)
∑
n
〈0|B¯(0)|B¯n, ~k〉〈B¯n, ~k|B(0)|0〉e
+i(x−x′)k
(8.3)
where Bn, (B¯n) are the baryonic (antibaryonic) states with momentum ~k. Further, by chosing the branch
t > t′ and taking the limit t− t′ = T → −i∞, the lightest baryon, and at rest, is selected in the sum,
ΠB(x, x
′) = 〈0|B(0)|B〉〈B|B¯(0)|0〉e−iTMB (8.4)
To carry out these steps in the large Nc limit, we first write the time ordered product (8.1) as a path
integral over fermionic degrees of freedom with weight exp(iSNJL). The resulting expression, in turn, can be
obtained by appropriate functional differentiation of the generating functional Z[s, p, v, a, η, η¯] (see eq.(2.3))
with respect to the external quark fields η(x) and η¯(x). After bosonization and integration of the quarks
one gets, using eq.(2.7),
ΠB(x, x
′) = Φa1,...,aNc Φ¯a
′
1,...,a
′
Nc
∫
DMint exp(iW )
∏Nc
i=1 iSaia′i(x, x
′)∫
DMint exp(iW )
(8.5)
where the one particle Green function Saa′(x, x
′) = 〈x|(iD + iǫ)
−1
aa′ |x
′〉 has been introduced and all external
fields s, p, v, a and η¯, η are set to zero. The limit Nc →∞ drives the functional integral in the denominator
to a saddle point bosonic configuration which describes the mean field vacuum. On the other hand, because
there are Nc factors Sa,a′ in the numerator, the dominating saddle point configuration will be different from
that of the vacuum and will depend on x and x′. Next, the limit of large evolution time T selects the minimum
energy stationary configuration. For stationary configurations one can use the spectral representation of the
propagator given by
iSaa′(~x, t; ~x
′, t′) =
∑
n
(θ(t − t′)θ(ǫn)− θ(t
′ − t)θ(−ǫn))ψna(~x)ψ¯na′(~x
′)e−iǫn(t−t
′) (8.6)
with ψna(~x) and ǫn the eigenfunctions and eigenvalues of the single particle Dirac Hamiltonian H defined by
iD = γ0(i∂t −H) (evaluated at the stationary bosonic configuration). Choosing the t > t
′ branch to create
a baryon (instead of an antibaryon) and taking the limit t− t′ = T → −i∞ we get
ΠB(x, x
′) = ΨB(~x)Ψ¯B(~x
′)e−iTMB (8.7)
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where the baryon wave function
ΨB(~x) = Φ
a1,...,aNcψvala1 (~x) · · ·ψ
val
aNc
(~x) (8.8)
has been introduced. Here, the valence level ǫval is the lowest positive eigenvalue of the Dirac Hamiltonian.
This level is selected in eq. (8.6) by the large Euclidean time limit. Eq. (8.7) shows that spatial translational
invariance is spontaneously broken by the mean field approximation, corresponding to the formation of a
solitonic configuration in the presence of valence quarks.
The baryon mass (in the large Nc limit) comes from the two contributions in the numerator and de-
nominator, MB = EB − Evac, which are given by
EB = E
sol
sea +∆E
sol + Esolm +Ncǫ
val
Evac = E
vac
sea +∆E
vac + Evacm
(8.9)
where the superscripts “vac” and “sol” stands for the two different stationary saddle point configurations.
The valence term (last term) in EB , not present in Evac, comes from the propagators Sa,a′ . The other terms
come from the action in eq. (5.13). The sea regularized and the pure mesonic contribution are given by
Esea +∆E =
i
T
logDet(iD) =
i
T
[
logDet(iD) + i∆Γ0
]
Em = −
1
T
Wm
(8.10)
respectively. At this point it is clear that any expression for the total energy involving the Dirac eigenvalues
will necessarily depend on the additive combinations. Similarly to the energy, one body observables, like e.g.
mean squared radius, axial coupling constant, etc. admit (at leading order in Nc) a natural decomposition in
terms of a valence part, a pure additively regularized part and the modifications induced by the counterterms.
This fact can be established by repeating similar steps as for the baryon mass but with non vanishing external
bosonic fields s, p, v and a. As an example we give such a decomposition for the baryon axial coupling constant
gNA = g
val
A + g
sea
A +∆g
N
A (8.11)
i.e. in the absence of counterterms, ∆gNA would vanish.
For stationary fields the Dirac operator can be written as
iD = γ0(i
∂
∂t
−H) (8.12)
with the one particle Dirac Hamiltonian
H = −iα · ∇ − (V0 +A0γ5) + α · (V +Aγ5) + β(S + iγ5P ) (8.13)
In the case of two flavours with hedgehog symmetry we have ( xˆ = ~x/r )
S = gπσ(r); P = gπτ · xˆφ(r); V0 = gωω(r); A0 = 0
α · V =
gρ
2
α · (xˆ ∧ τ)ρ(r)
α ·A =
gρ
2
[
α · τ
(
AS(r) −
1
3
AT (r)
)
+ (α · xˆ)(τ · xˆ)AT (r)
] (8.14)
If we introduce the hedgehog ansatz in the expressions for energy (7.7) and the currents (7.9) we readily find
the modifications for the total energy and the baryon, vector and axial currents. Their detailed form can be
seen at Appendix C.
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Given a vector gauge invariant regularization of the fermion determinant one should proceed as follows.
The total energy is obtained by adding the valence quark, the Dirac sea contribution (vector additively
regularized), the bosonizing terms and the counterterms given by formula (8.9). One should then minimize
this total energy with respect to arbitrary variations in the fields σ, φ, ρ, AS , AT and ω, and determine the
solution of the resulting equations of motion by some iterative method until convergence is achieved. In
the present case, such a procedure requires many iterations [29, 30, 31]. In addition, there is presently
some concern [39,40,41] about the validity of any of the schemes proposed so far [25,28,29,30,31]. It is clear,
however, that in either case the proper anomalous structure has not been included since a vector additive
regularization has always been considered, i.e. the counterterms ∆E are missing. Therefore, before embark-
ing in a rather complicated calculation we make an order of magnitude estimate treating the counterterms
as a small perturbation of the total energy. Clearly, such a procedure can be justified a posteriori if the
modifications actually turn out to be small.
A quantitative estimate of the corrections can be obtained by considering any of the self-consistent
solutions available in the literature [29,30,31], since in practice they do not differ too much from each other.
On simple dimensional grounds and using the typical sizes of the mesonic fields (∼ fπ) and their typical
extension (∼ 1 fm) for reasonable values of the parameters we estimate the counterterm to the total energy
to be of the order of few MeV. A more systematic estimate using the self-consistent solutions of ref. [29]
gives values for ∆E < 10 MeV. This small number does not stem neither from a big cancellation among
the different terms in the expression for ∆E nor from cancellations between the interior and the exterior
of the soliton. The size of the correction is to be compared to the typical soliton energies E ∼ 1500 MeV.
Thus it seems more than reasonable to treat the counterterms perturbatively. For the currents a similar
strategy can be considered. In this case we can compare the perturbative contributions to the isoscalar
nucleon radius and the axial coupling constant to the self-consistent ones given by formulas (C.5), (C.6),
(C.7) and (C.10) respectively, the difference being an indication of how far are we from a self-consistent
solution, i.e. they represent virial theorems. Again the order of magnitude estimate predicts ∆r ∼ 0.01 fm
and ∆gNA ∼ 0.01 in any calculation scheme, much smaller than the typical values usually found (r ∼ 0.8 fm
and gNA ∼ 0.5 [29,30,31]). This result is also confirmed by an accurate calculation using the solutions of ref.
[29]. It is beyond doubt that the modification of the Nambu–Jona-Lasinio model to incorporate the proper
QCD anomaly does not result in large changes for the computed nucleon properties. At first sight this is
a bit surprising since in the meson sector 20% deviations with respect to the current algebra result have
been obtained for γ → πππ [23]. On the other hand, the corrections induced by the counterterms involve
vector mesons only (see Appendix C) whose typical extension is 1/mρ. Due to this the corrections in the
nucleon currents are of order fπ/mρ ∼ 0.1, i.e. they are small because of the large vector meson masses. It
is interesting to note here that similar trends have been also found in the meson sector when calculating full
momentum dependent abnormal parity vertex functions [42].
9. Effective action for Vector Mesons up to fourth order in momenta
In this section we further exploit our results to write down an effective action for vector mesons and
external fields up to fourth order in momenta. The interesting point is that the anomaly does not imply
the coupling strength of strong decay processes like ω → 3π, ω → ρπ or radiative vector meson decays like
ρ → γπ etc., although the corresponding amplitudes have abnormal pseudoparity (i.e. contain an ǫµναβ
tensor).
As we have said in section 6, up to fourth order the correct anomalous action reproducing the proper
QCD anomaly is given by
ΓVWZ[U, v, a;V,A] = Γ
RL
WZ[U,AR,AL]− Γ
RL
ct [v, V ]− Γ
RL
WZ[1, vR, vL] (9.1)
On the other hand the action
ΓVWZ[U, v, a] = Γ
RL
WZ[U, vR, vL]− Γ
RL
WZ[1, vR, vL] (9.2)
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corresponding to GV = 0 and ∆Γ = 0 also reproduces the QCD anomaly. Therefore both actions differ by
chirally covariant terms. A direct computation gives
ΓVWZ[U, v, a;V,A] = Γ
V
WZ[U, v, a]
−
iNc
48π2
∫
tr
{
2R{FR, VR}+DVR[R, VR]− iR(R
2 + V 2R)VR
+
1
2
(RVR)
2 + 2iUFRVRU
†VL + URFRU
†VL + iUVRU
†VLFL
+ UFRRU
†VL +DVRRU
†VLU + iDVR[VR, U
†VLU ] + UR
2VRU
†VL
+ iUVRU
†VLLVL + UVRU
†V 3L +
1
4
(UVRU
†VL)
2
}
− p.c.
(9.3)
where the following chirally covariant 1-forms
R = U †∇U = U †dU − iU †vLU + ivR
L = U∇U † = UdU † − iUvRU † + ivL
(9.4)
and 2-forms
FR = dvR − iv
2
R; FL = dvL − iv
2
L
DVR = dVR − i{VR, vR}; DVL = dVL − i{VL, vL}
(9.5)
have been introduced. The transformation properties of these objects are
δR = i[ǫR, R]; δFR = i[ǫR, FR]; δDVR = i[ǫR, DVR] (9.6)
similarly for the left combinations. It is important to mention that from the point of view of an effective
mesonic theory each term appearing in eq. (9.3) can have an arbitrary coefficient since they are separately
chirally invariant and do not contribute to the anomaly equation. The coefficients in eq. (9.3) represent the
particular prediction of the Nambu–Jona-Lasinio model with vector mesons so defined to satisfy the correct
QCD anomaly. Another important point is that these terms describe low energy vector meson strong and
radiative abnormal parity decays although they are clearly not anomalous. In particular, if the external fields
are set equal to zero the total action is invariant under global chiral transformations, and no internal anomaly
appears. We will not attempt to study the phenomenological implications of the former action. Some of
them have been considered in ref. [43] for low momenta and in ref. [42] in a full momentum dependent
formalism, although the explicit form (9.3) has not been given. Finally, as a partial check of our results,
we consider the low energy limit of the former abnormal parity non-anomalous action. This corresponds
to integrate vector mesons out at the mean field level or equivalently in the large Nc limit. In the lowest
relevant order we have the following equations of motion (see [35] and [29] for more details)
V Rµ =
i
2
(1− gQA)Rµ; V
L
µ =
i
2
(1− gQA)Lµ (9.7)
with gQA the quark axial coupling constant [23,35]. Moreover
DVR =
i
2
(1− gQA)
(
−R2 + iFR − iU
†FLU
)
DVL =
i
2
(1− gQA)
(
−L2 + iFL − iUFRU
†
) (9.8)
giving
ΓVWZ[U, v, a;V,A] = Γ
V
WZ[U, v, a] + · · · (9.9)
where the dots denote terms of order sixth at least. Therefore up to fourth order in the chiral expansion
there are no corrections to the effective abnormal parity action. This result is also a consequence of the
uniqueness of the counterterms to the Wess-Zumino action (see the discussion at the end of section 6).
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10. Conclusions and Summary
In the present work we have investigated the anomalous sector of the Nambu–Jona-Lasinio model with
vector mesons and its possible implications on the properties of the nucleon described as a system of three
bound valence quarks in a self-consistent solitonic background of σ, π, ρ, A and ω mesons. In most cases,
calculations within this model have ignored the fact that it does not reproduce the correct QCD chiral
anomaly. For the model to do so for non-vanishing vector meson fields it is necessary to modify the usual
definition of the fermionic determinant. This can be done by subtracting suitable local and polynomial
counterterms to the action in the vector dynamical and external fields. This represents another solution
which was overlooked in [23], hence the conclusion there, that the NJL model with vector mesons cannot
reproduce the correct QCD anomaly, is incorrect. These counterterms only modify the abnormal parity
vertices at zero momentum transfer and in the chiral limit, and hence leave many meson properties such
as meson propagators and the momentum dependence of mesonic form factors unaffected. However, there
appear abnormal parity modifications appear in the Current-Field identities at leading order in large Nc.
In the soliton sector clear corrections appear in the nucleon mass and the axial and vector currents. For
hedgehog profiles we have evaluated the numerical corrections to the soliton energy, the isoscalar nucleon
radius and the axial coupling constant induced by the counterterms. We have found that they account
for less than 1% of the total magnitude of the computed observables. As the counterterms only involve
vector mesonic fields, and the corrections take place at zero momentum in the amplitudes, they are mainly
sensitive to the tail of the vector meson fields only. The smallness of the counterterms in the nucleon
might be understood due to the high vector meson masses. We conclude that the fact that the previous
regularizations of the Nambu–Jona-Lasinio model do not fulfill the proper QCD chiral anomaly does not
have practical dramatic consequences in the previous solitonic calculations.
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Appendix A. Chiral Transformations of the Dirac operator in Minkowski space
We define the effect of local chiral transformations on the Dirac operator, both in vector-axial notation
as well as in right-left notation in Minkowski space. We follow Bjorken-Drell [44] (Itzykson-Zuber [45])
notation for the gamma matrices throughout.
A.1 Vector-Axial Notation
The Dirac operator D in Minkowski space is taken to be
iD = i/∂ + /V + /Aγ5 − (S + iγ5P) (A.1)
with S,P ,Vµ,Aµ hermitean flavour fields S =
1
2
∑N2F−1
a=0 λaS
a(x), · · ·, with the flavour matrices λa normalized
as tr (λaλb) = 2δab and λaλb = (dabc + i fabc)λc with a, b, c = 0, . . . , N
2
F − 1. Under chiral (vector and axial)
local transformations the Dirac operator transforms as
D→ Dg = e+iǫV (x)−iǫA(x)γ5De−iǫV (x)−iǫA(x)γ5 (A.2)
with
ǫV (x) =
∑
a
ǫaV (x)λa; ǫA(x) =
∑
a
ǫaA(x)λa (A.3)
The induced transformations on the fields are given by
iD→ iDg = i/∂ + /Vg + /Agγ5 − (S
g + iγ5P
g) (A.4)
In the infinitesimal case this is equivalent to
δVµ = [Dµ, ǫV ] + i[ǫA,A
µ]
δAµ = i[ǫV ,A
µ] + [Dµ, ǫA]
δS = i[ǫV ,S] + {ǫA,P}
δP = i[ǫV ,P ]− {ǫA,S}
(A.5)
where the vector covariant derivative reads
Dµ = ∂µ − iVµ (A.6)
In addition, the dynamical and external quark fields satisfy the following transformation properties
δq = i(ǫV + ǫAγ5)q
δq¯ = −iq¯(ǫV − ǫAγ5)
δη = i(ǫV − ǫAγ5)η
δη¯ = −iη¯(ǫV + ǫAγ5)
(A.7)
defined to make the bilinear forms q¯Dq and η¯D−1η invariant under chiral local transformations.
A.2 Left-Right Notation
We rewrite the Dirac operator as
D = DRPR +DLPL (A.8)
with the projection operators on chirality
PR =
1
2
(1 + γ5); PL =
1
2
(1− γ5) (A.9)
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The right and left Dirac operators are given by
iDR = i/∂ + /AR −M; iDL = i/∂ + /AL −M
† (A.10)
with
M = S + iP ; M† = S − iP ;
AµR = V
µ +Aµ; AµL = V
µ −Aµ
(A.11)
then we have the following transformation properties under infinitesimal chiral rotations
δM = iǫLM− iMǫR
δM† = iǫRM
† − iM†ǫL
δAµR = ∂
µǫR + i[ǫR,A
µ
R] = [D
µ
R, ǫR]
δAµL = ∂
µǫL + i[ǫL,A
µ
L] = [D
µ
L, ǫL]
(A.12)
where
ǫR = ǫV + ǫA; ǫL = ǫV − ǫA; D
R
µ = ∂µ − iA
R
µ ; D
L
µ = ∂µ − iA
L
µ (A.13)
have been defined. Finally, the left and right currents are given by
JR,Lµ = J
V
µ ± J
A
µ (A.14)
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Appendix B. Effective action, regularization and anomaly in Euclidean space
For completeness we give below our particular conventions for Euclidean space (hatted quantities)
xˆ0 = ix0; xˆi = xi; xˆµ = xˆµ = (xˆ
0, xˆi) (B.1)
Vˆ 0(xˆ0, xˆi) = iV 0(x0, xi); Vˆ i(xˆ0, xˆi) = V i(x0, xi); Vˆ µ = Vˆµ = (Vˆ
0, Vˆ i) (B.2)
∂ˆ0 = −i∂0; ∂ˆ
i = +∂i = −∂
i; ∂ˆµ = ∂ˆµ =
∂
∂xˆµ
(B.3)
γˆ0 = −iγ0; γˆi = −γi; γˆµ = γˆµ = (γˆ
0, γˆi) = −γˆ†µ (B.4)
xˆ · yˆ = xˆµyˆµ = −x
µyµ = −x · y (B.5)
γˆ5 = γˆ
0γˆ1γˆ2γˆ3 = iγ0γ1γ2γ3 = γ5 (B.6)
/ˆ∂ = γˆ · ∂ˆ = −γ · ∂ = −γµ∂µ = −/∂; /ˆV = γˆ · Vˆ = γ · V = /V (B.7)
ǫˆ0123 = ǫˆ0123 = +1; ǫ
0123 = −ǫ0123 = +1 (B.8)
ǫˆµναβAˆµBˆνCˆαDˆβ = −iǫµναβA
µBνCαDβ (B.9)
The factor in the exponential reads
exp
{
i
∫
d4xq¯iDq
}
= exp
{
−
∫
d4xˆq¯iDˆq
}
(B.10)
with the Dirac operator in Euclidean space
iDˆ = i/ˆ∂ − /ˆV − /ˆAγˆ5 + Sˆ + iγˆ5Pˆ (B.11)
whose hermitean conjugate is given by
−iDˆ† = −i/ˆ∂ + /ˆV − /ˆAγˆ5 + Sˆ − iγˆ5Pˆ (B.12)
Notice that the hermitean conjugation in Euclidean space Dˆ → Dˆ† corresponds to the operation D → D5
in Minkowski space (see eq. (4.2)). The fermion determinant is
Det(iDˆ) = exp(−Wˆ ) = Det(iD) = exp(iW ) (B.13)
The vector-additively regularized real part of the fermionic contribution to the effective action reads then
Re Wˆ =
1
4
Sp
∫ ∞
0
dτ
τ
Φ(τ)
[
e−τDˆDˆ
†
+ e−τDˆ
†
Dˆ
]
(B.14)
Here Φ(τ) is a generalized proper-time regularization function with Φ(0) = Φ′(0) = 0 and Φ(∞) = 1. The
Pauli-Villars regularizations correspond to the choice Φ =
∑
i ci exp(−τΛ
2
i ). The imaginary part takes the
form
Im Wˆ =
i
2
Sp
[
log(iDˆ)− log(−iDˆ†)
]
(B.15)
The variation of the determinant in such regularization involves the imaginary part of the Euclidean action
only giving
δ logDet(iDˆ) = −iδImWˆ =
−
iNc
4π2
ǫˆµναβ
∫
d4xˆ tr
{
ǫA(x)
[1
4
[iDˆµ, iDˆν ][iDˆα, iDˆβ]−
1
3
AˆµAˆνAˆαAˆβ
−
2
3
Aˆµ[iDˆν , iDˆα]Aˆβ −
1
6
{[iDˆµ, iDˆν ], AˆαAˆβ}+
1
3
[iDˆµ, Aˆν ][iDˆα, Aˆβ ]
]}
(B.16)
where iDˆµ = i∂ˆµ − Vˆµ has been defined.
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Appendix C. Results for Hedgehog Profiles
Here are the expressions for the modification of the computed quantities and the total results for self-
consistent fields not given in the main text.
C.1 Modification of nucleon observables
Mean field energy
∆E[ω, ρ,A] = −
Nc
12π2
g2ρgω
∫ ∞
0
4πr2drω
{
2ρ(A′S −
1
3
A′T +
1
r
AT )
+ 4(ρ′ +
2
r
ρ)(AS −
1
3
AT ) +
3gρ
4
(AS +
2
3
AT )
[
(AS −
1
3
AT )
2 + ρ2
]} (C.1)
Isoscalar baryon density
∆JB0 =
Nc
4π2
g2ρ
1
r2
d
dr
{
r2(AS −
1
3
AT )ρ
}
(C.2)
Vector-isovector current
(∆JV )ia = −ǫiakxˆk
Nc
24π2
gρgω
{
3
[
(AS −
1
3
AT )ω
]′
−
3ATω
r
− 2gρωρ(AS +
2
3
AT )
}
(C.3)
Axial isovector current
(∆JA)ia =
Nc
24π2
gρgω
{
δia
[
3ω′ρ− 3ω(ρ′ +
ρ
r
)− 2gρω(AS −
1
3
AT )(AS +
2
3
AT )
]
+ xˆixˆa
[
−3ω′ρ+ 3ω(ρ′ −
ρ
r
)− 2gρω
(
ρ2 − (AS −
1
3
AT )AT
)]} (C.4)
Isoscalar radius
〈∆r2〉I=0N = −
Nc
2π2
∫ ∞
0
4πr3dr(AS −
1
3
AT )ρ (C.5)
Axial coupling constant
∆gNA = −
Nc
24π2
gρgω
2
3
∫ ∞
0
4πr2dr2ω
[
2(ρ′ +
2ρ
r
) +
1
3
gρρ
2 + gρ(AS −
1
3
AT )(AS +
1
3
AT )
]
(C.6)
C.2 Self-consistent nucleon observables
Isoscalar baryon density
(JB)0 = −
m2ω
gω
ω +
Nc
12π2
g2ρ
{
ρ
(
A′S −
1
3
A′T −
2AT
r
)
− (AS −
1
3
AT )(ρ
′ +
2
r
ρ)
−
3
4
gρ(AS +
2
3
AT )
[
(AS −
1
3
AT )
2 + ρ2
]} (C.7)
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Isospin current
(JV )ia = ǫiakxˆk
{m2ρ
gρ
ρ+
Nc
24π2
gρgω
[
(AS −
1
3
AT )ω
′
− (A′S −
1
3
A′T )ω +
ATω
r
+
1
2
gρωρ(AS +
2
3
AT )
]} (C.8)
Axial current
(JA)ia = −δia
{m2ρ
gρ
(AS −
AT
3
) +
Nc
24π2
gρgω
[
−ω′ρ+ ωρ′ +
ρω
r
+
1
2
gρω(AS −
AT
3
)(AS +
2AT
3
)
}
− xˆixˆa
{m2ρ
gρ
AT +
Nc
24π2
gρgω
[
ω′ρ− ωρ′ +
ρω
r
−
1
2
gρω
(
(AS −
1
3
AT )AT − ρ
2
)]} (C.9)
Axial coupling constant
gNA = −
2
3
∫
d3x
{m2ρ
gρ
AS +
Nc
36π2
gρgω
[
−ω′ρ+ ωρ′ +
2ωρ
r
+
3
4
gρ(A
2
S −
1
9
A2T +
1
3
ρ2)
]}
(C.10)
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Appendix D. Five dimensional expression for the gauged Wess-Zumino term
In this appendix we give an alternative form for the gauged Wess-Zumino term both in its right-
left and vector versions, ΓRLWZ(U, vR, vL) and Γ
V
WZ(U, v, a) respectively, as five-dimensional integrals. The
interesting feature of these formulas is that, oposite to the more conventional form, (see eq. (6.1)), the chiral
transformation properties become more evident.
The topological Wess-Zumino term reads [4]
ΓWZ[U ] = −
iNc
48π2
∫
D5
tr
[ 1
10
U5R
]
(D.1)
where D5 represents a five-dimensional manifold with boundary the compactified four-dimensional space-
time, UR = U
†dU is a 1-form living in D5 and U(x, s) is an interpolating unitary flavour field, U
†U = 1,
satisfying U(x, 1) = U(x) and U(x, 0) a constant matrix. The following two observations will be used below.
Since the integrand is a closed form (i.e. locally exact) the result does not depend (modulo homotopy classes)
on the particular choice of D5. Therefore the action is well-defined modulo 2πi. In addition, in this form
the topological Wess-Zumino term is manifestly invariant under global chiral transformations but not under
local ones. As pointed out in ref. [4] the traditional minimal substitution method cannot be applied in its
standard form since the topological action is non local. In fact the existence of the anomaly prevents a full
chiral gauging. Thus one has to resort to other methods [38]. For instance, eq. (6.1) can be obtained by
trial and error gauging.
An alternative way to obtain the gauged Wess-Zumino term is the following. We consider the minimal
substitution rule directly in five dimensions, i.e. we make UR → R with R the natural five-dimensional
extension of eq. (9.4). This requires introducing five-dimensional gauge fields as well. Clearly R(x, s) is
chirally covariant and hence the new action is formally chirally invariant. However, since the integrand R5
is not a closed 5-form the action is no longer independent of the choice of D5 modulo 2πi. To reestablish
the one-valuedness of the action one has to supplement the integrand with additional terms satisfying the
following two conditions: i) the total sum has to be closed and ii) the new terms have to vanish in the
absence of gauge fields. This uniquely determines the result. For the right-left representation we find
ΓRLWZ[U, vR, vL] = −
iNc
48π2
∫
D5
tr
[ 1
10
R5 − 2RF 2R + iR
3FR −RFRU
†FLU
+2ivRF
2
R − v
3
RFR −
i
5
v5R
]
− p.c.
(D.2)
One should mention that the usual integration by parts is precluded in this formula since D5 has a boundary.
One can check that the difference between the gauged and the non gauged Wess-Zumino terms is in fact the
five-dimensional integral of an exact 5-form which is the differential of the corresponding four-dimensional
piece in (6.1). On the other hand, the vector representation, again obtained by Bardeen’s subtraction, reads
ΓVAWZ[U, v, a] = −
iNc
48π2
∫
D5
tr
[ 1
10
R5 − 2RF 2R + iR
3FR −RFRU
†FLU
+2iaFRFL + 4iaF
2
R − 8a
3FR − i
16
5
a5
]
− p.c.
(D.3)
Besides the fact that the last two expressions are more compact than the corresponding ones, eqs. (6.1)
and (6.6), the chirally breaking terms are manifestly polynomial and hence the anomaly. Let us remark
that these polynomial terms do not form an exact differential in five-dimensions and hence they cannot be
subtracted by adding four-dimensional polynomial counterterms. In other words the anomaly cannot be
removed.
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Appendix E. CP-violating currents
As already mentioned in section 6, the counterterms are unique if CP-invariance is invoked. The only
possible CP-violating counterterms are given by
ΓCPct = −ic
Nc
48π2
∫
tr
[
V 2RFR − V
2
LFL
]
(E.1)
with c an arbitrary real constant as implied by CPT. The contributions to the currents are
∫
tr
(
vJCPV + aJ
CP
A
)
= −ic
Nc
24π2
∫
tr
(
dv(V A+AV ) + da(V 2 +A2)
)
(E.2)
In the two flavour case we have
(JB)CPµ = 0
( ~JV )CPµ =
Nc
48π2
cg2ρǫµναβ∂
ν(~ρα ∧ ~Aβ)
( ~JA)CPµ =
Nc
96π2
cg2ρǫµναβ∂
ν(~ρα ∧ ~ρβ + ~Aα ∧ ~Aβ)
(E.3)
For hedgehog profiles all CP-violating currents vanish except the time component of the axial current
( ~JA)0 =
Nc
24π2
cg2ρxˆa
{
ρ(ρ′ +
ρ
r
) + (AS −
AT
3
)(A′S −
A′T
3
−
AT
r
)
}
(E.4)
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